














Linear mixed models (LMM) and the best linear unbiased predictor (BLUP) have 
received considerable attention in recent years from both theoretical and practical 
aspects.  This article reviews the theory of LMM and illustrates how useful LMM and 
BLUP are through an example of the small area estimation.  Linear mixed models for 
analyzing longitudinal data are also explained and an application to the posted land 

















ઢܗࠞ߹Ϟσϧ (Linear Mixed Model, LMM) ͱ࠷ྑઢܗෆภ༧ଌྔ (Best Linear Unbiased















༧ଌྔ (Empirical Best Linear Unbiased Predictor, EBLUP) ͕খ஍Ҭͷ҆ఆͨ͠ਪఆ஋Λ༩͑









͋Γɼͦͷ݁ՌੜͣΔ༧ଌྔ͕ EBLUP ͱͳΔɻ͕ͨͬͯ͠ɼEBLUP ͸ɼ֤ʑͷ஍Ҭͷඪຊฏ
ۉͱϓʔϧ͞ΕͨճؼਪఆྔͱͷՃॏฏۉʹͳ͓ͬͯΓɼσʔλ਺͕গͳ͍ͱ͖ʹ͸ඪຊฏۉΛ
ϓʔϧ͞Εͨਪఆ஋ͷํ޲΁ॖখ͢Δ͜ͱʹΑΓɼਪఆਫ਼౓ͷվળ͕ਤΒΕ͍ͯΔɻ









ͳ͓ɼLMM ΍ GLMM ͷղઆॻʹ͍ͭͯ͸ɼ޿௡ (1992), McCulloch and Searle (2001),
McCulloch (2003), ࠤʑ໦ (2007), ಛʹຊ֨తͳ΋ͷͱͯ͠ Searle, Casella and McCulloch (1992),





Harter and Fuller (1988) ͕औΓ্͛ͨਪఆ໰୊ʹ͍ͭͯ঺հ͠Α͏ɻΞΠΦϫभͷ k ݸͷ܊ʹ
͍ͭͯࠄ෺ (ͱ͏΋Ζ͜͠ɼେ౾౳) ͷ࡞෇໘ੵͷௐ͕ࠪͳ͞Εͨɻk ݸͷ܊ͦΕͧΕΛ͞Βʹ໿
250h ͷ೶࡞۠ը (segment) ʹࡉ෼͠ɼͦͷத͔Β ni ݸͷ۠ըΛϥϯμϜʹநग़͠ɼ௚઀೶Ոʹ
ΠϯλϰϡʔௐࠪΛߦ͏͜ͱʹΑͬͯͦΕͧΕͷ۠ըʹ͓͚Δτ΢Ϟϩίγͷ࡞෇໘ੵʹ͍ͭͯ
ͷσʔλΛͱͬͨɻi ൪໨ͷ܊ʹ͓͚Δ j ൪໨ͷ۠ըʹର͢Δ͜ͷσʔλΛ yij Ͱද͢͜ͱʹ͢
Δɻଞํ, ਓ޻Ӵ੕ LANDSAT ͔Βͷ؍ଌʹΑΓ, ໿ 0.45h ͷϐΫηϧ(picture element, ը૾͔
Βࣝผ͢Δ୯Ґ) ʹର͍ͯͣ͠Εͷࠄ෺͕࡞෇͚͞Ε͍ͯΔͷ͔͕ࣝผ͞Ε, k ݸͷ܊͢΂ͯʹΘ
ͨͬͯ͜͏ͨ͠Ӵ੕σʔλ͕ิॿ৘ใͱͯ͠ར༻ՄೳͰ͋Δɻτ΢Ϟϩίγɼେ౾ʹؔͯ͠ϐΫ
ηϧ୯ҐͰͷࣝผ͕ՄೳͰ͋Δͱͯ͠ɼi ൪໨ͷ܊ʹ͓͚Δ j ൪໨ͷ۠ըʹରͯ͠, τ΢Ϟϩίγɼ
େ౾ʹࣝผ͞ΕͨϐΫηϧͷݸ਺Λ x1ij,x 2ij ͱ͢Δͱɼyi ͱ (x1ij,x 2ij) ͱͷؒʹઢܗؔ܎͕ೝ
ΊΒΕΔͨΊɼ
yij = x 
ijβ + uij,i =1 ,...,k, j=1 ,...,n i
2ͳΔϞσϧ͕૝ఆͰ͖Δɻ͜͜Ͱ xij =( 1 ,x 1ij,x 2ij) , β =( β0,β 1,β 2) ɼ x 
ijβ = β0+x1ijβ1+x2ijβ2
Ͱ͋Δɻ·ͨ uij ͸ yij Λ xij Ͱઆ໌ͨ͠ͱ͖ͷޡ߲ࠩͰ͋Δ͕ɼ͜Ε͕܊ʹґଘ͢Δ߲ vi ͱ܊
ͷࠩҟʹґΒͳ͍߲ eij ʹՃ๏తʹ෼ղ͞Εͯ





ͳΘͪ vi ͕มྔޮՌͱͯ͠ѻ͑Δͱ͖ʹ͸ɼvi, eij ͸͢΂ͯޓ͍ʹಠཱͳ֬཰ม਺ͱ͠ɼͦΕͧ
Εਖ਼ن෼෍
vi ∼N(0,σ 2
v),e ij ∼N(0,σ 2
e)
ʹै͏ͱ͢Δɻ͢ΔͱɼઢܗϞσϧ͸
yij = x 







ʢมྔޮՌʣͷܗʹॻ͔Ε͓ͯΓɼ(2.2) ͷΑ͏ͳϞσϧΛҰൠʹઢܗࠞ߹Ϟσϧ (LMM) ΋͘͠
͸෼ࢄ੒෼Ϟσϧ (Variance Component Model) ͱ͍͏ɻಛʹɼ(2.2) ͸ޡ߲͕ࠩࢬ෼͔Ε഑ஔ͠
͍ͯΔͷͰɼࢬ෼͔ΕޡࠩճؼϞσϧ (Nested Error Regression Model) ͱ΋͍͏ɻ
[2] Ϟσϧͷߦྻදݱ. ϞσϧΛߦྻΛ༻͍ͯදݱ͓ͯ͘͠ͱศརͰ͋Δɻ্ͷྫͰ͸ xij, β





















































ͱ͠, e ΋ y ͱಉ༷ʹ ei =( ei1,...,e ini) , e =( e 
1,...,e 
k) , ͱఆٛ͢Δɻ·ͨɼ͢΂ͯͷ
੒෼͕ 1 ͷ ni × 1 ϕΫτϧΛ jni Ͱද͠ɼϒϩοΫର֯ߦྻ block diag(·) Λ༻͍ͯ Z =













͜ͰɼIni ͸ ni × ni ͷ୯Ґߦྻ, Jni = jnij 






















[3] Ұൠతͳઢܗࠞ߹Ϟσϧ. (2.3) Ͱهड़͞ΕͨϞσϧ͸ɼΑΓҰൠతͳઢܗࠞ߹Ϟσϧ
y =Xβ+ Zv+ e, (2.4)
v ∼Nq(0,G), e ∼N N(0,R)
ʹ֦ு͢Δ͜ͱ͕Ͱ͖Δɻ͜͜Ͱɼy ͸ N × 1 ͷ؍ଌσʔλͷϕΫτϧɼX ͸ N × p ͷڞมྔ
͔ΒͳΔط஌ͷߦྻɼZ ͸ N × q ͷط஌ͷܭըߦྻͰ͋Δɻy ͷڞ෼ࢄߦྻ͸
Cov(y)=Σ = R + ZGZ  (2.5)
ͱද͞ΕΔɻڞ෼ࢄߦྻ G, R ͸Ұൠʹ෼ࢄ੒෼ΛؚΉ฼਺Λ༻͍ͯද͞ΕΔͷͰɼͦΕΒΛ
α =( α1,...,α m) ͱͯ͠ Σ = Σ(α) ͱॻ͘ɻ
2.2 ࠞ߹Ϟσϧํఔࣜͱ࠷ྑઢܗෆภ༧ଌྔ (BLUP)
[1] BLUP. Ұൠతͳઢܗࠞ߹Ϟσϧ (2.4) ʹ͓͍ͯ؍ଌͰ͖ͳ͍฼਺ޮՌ β ͱมྔޮՌ v ͷ
ਪఆΛߟ͑Α͏ɻv ͸มྔޮՌͳͷͰਪఆͱ͍͏ΑΓ͸༧ଌͱ͍͏ํ͕;͞Θ͍͠ɻڞ෼ࢄߦྻ
G, R ͕ط஌ͷ৔߹ʹ͸ v ͷඪ४తͳ༧ଌྔ͸ y ͷઢܗؔ਺ͱͯ͠༩͑ΒΕΔɻઢܗͰෆภͳ༧
ଌྔͷதͰ࠷ྑͳ΋ͷΛ࠷ྑઢܗෆภ༧ଌྔ (BLUP) ͱ͍͍   v Ͱද͢͜ͱʹ͢Δɻ·ͨ β ͷ࠷ྑ
ઢܗෆภਪఆྔΛ   β Ͱද͢ͱɼͦΕΒ͸࣍ͷ࿈ཱํఔࣜͷղͱͯ͠༩͑ΒΕΔ͜ͱ͕ Henderson
(1950) ʹΑͬͯࣔ͞Εͨɻ
 
X R−1XX  R−1Z












  β =( X Σ−1X)−X Σ−1y,   v = GZ Σ−1(y − X  β) (2.7)
Ͱ༩͑ΒΕΔɻ͜͜Ͱ (X Σ−1X)− ͸ X ͷϥϯΫ͕མ͍ͪͯΔ৔߹Λߟྀͨ͠ X Σ−1X ͷҰ
ൠԽٯߦྻΛද͍ͯ͠Δɻ  β ͸ β ͷҰൠԽ࠷খ2 ৐ਪఆྔ(GLS) Ͱ͋Δ͜ͱ͕Θ͔Δɻط஌ͷϕ
Ϋτϧ a ∈ Rp, b ∈ Rq ʹରͯ͠ µ = a β + b v Λਪఆ͍ͨ͠ͱ͖ʹ͸ɼͦͷ BLUP ͸
  µ = a   β + b GZ Σ−1(y − X  β) (2.8)
Ͱ༩͑ΒΕΔ͜ͱʹͳΔɻ
4͜͜Ͱɼ࿈ཱํఔࣜ (2.6) ͷղ͕ (2.7) Ͱ༩͑ΒΕΔ͜ͱΛ͔֬ΊΑ͏ɻ·ͣɼ(2.6) ͷ 2 ൪໨
ͷํఔࣜ Z R−1X  β +( Z R−1Z + G−1)  v = Z R−1y ΑΓ
  v =( Z R−1Z + G−1)−1Z R−1(y − Xβ) (2.9)
ͱॻ͚Δɻ͜͜Ͱɼ(Z R−1Z + G−1)−1Z R−1 Λมܗ͢Δͱɼ
(Z R−1Z + G−1)−1Z R−1
=GZ R−1 − G
 
(Z R−1Z + G−1) − G−1 
(Z R−1Z + G−1)−1Z R−1
=GZ R−1 − GZ R−1Z(Z R−1Z + G−1)−1Z R−1
=GZ   
R−1 − R−1Z(G−1 + Z R−1Z)−1Z R−1 
=GZ Σ−1
ͱॻ͚Δ͜ͱ͕Θ͔Δɻ࠷ޙͷ౳ࣜ͸ɼٯߦྻͷܭࢉͰ͠͹͠͹༻͍ΒΕΔ౳ࣜ
Σ−1 =( ZGZ  + R)−1 = R−1 − R−1Z(G−1 + Z R−1Z)−1Z R−1 (2.10)
͔Βै͏ɻ͜ΕΛ (2.9) ʹ୅ೖ͢Δͱ (2.7) ͷ   v ͕ಘΒΕΔ͜ͱ͕Θ͔Δɻ࣍ʹɼ͍·ٻΊͨ   v
Λ (2.6) ͷ 1 ൪໨ͷํఔࣜ X R−1X  β + X R−1Z  v = X R−1y ʹ୅ೖͯ͠੔ཧ͢Δͱɼ
X R−1X  β + X R−1ZGZ Σ−1(y − X  β)=X R−1y
ΑΓɼ
X R−1(Σ − ZGZ )Σ−1X  β = X R−1(Σ − ZGZ )Σ−1y
ͱͳΔɻΣ = ZGZ  +R ΑΓɼR−1(Σ−ZGZ )=I ͱͳΔͷͰɼ݁ہ, X Σ−1X  β = X Σ−1y
ͱͳΓɼ(2.7) ͷ   β ͕ಘΒΕΔ͜ͱ͕͔֬ΊΒΕΔɻ










y − Xβ− Zv





y − Xβ− Zv
  
ͱॻ͚Δɻexp{·} ͷத਎Λ (−2) ഒͨ͠΋ͷΛ
h(β,v)=v G−1v +( y − Xβ− Zv) R−1(y − Xβ− Zv)
ͱ͓͘ɻ͜ΕΛ β ͱ v ʹؔͯ͠࠷খԽ͢ΔͨΊʹ β, v ʹؔͯ͠ภඍ෼͢Δͱ
∂h(β,v)
∂β
= − 2X R−1(y − Xβ− Zv),
∂h(β,v)
∂v
=2G−1v − 2Z R−1(y − Xβ− Zv),
ͱͳΓɼ∂h(β,v)/∂β = 0, ∂h(β,v)/∂v = 0 ͷ࿈ཱํఔࣜΛߦྻͰද͢ͱɼ(2.6) ͕ಘΒΕΔɻ͜
Ε͕࠷໬๏ʹج͍ͮͨಋग़ํ๏Ͱ͋Δɻ







Ͱ༩͑ΒΕΔͷͰɼy Λ༩͑ͨͱ͖ͷ v ͷ৚݅෇͖ظ଴஋͸ଟมྔਖ਼ن෼෍ͷجຊతͳੑ࣭͔Β
E[v|y]=GZ Σ−1(y − Xβ)
ͱͳΔɻ͜ͷ৚݅෇͖෼෍͸, ϕΠζͷ࿮૊ΈͰ͸, y Λ༩͑ͨͱ͖ͷ v ͷࣄޙ෼෍ʹ૬౰͓ͯ͠
Γɼv|y ∼N q
 
GZ Σ−1(y − Xβ),G− GZ Σ−1ZG
 
Ͱ༩͑ΒΕΔɻ·ͨ (2.10) Λ༻͍ͯ y ͷ






(y − Xβ) Σ−1(y − Xβ)
 
(2.12)
ͱද͞ΕΔͷͰɼपล෼෍ʹج͍ͮͨ β ͷ࠷໬ਪఆྔ͸ҰൠԽ࠷খ2 ৐ਪఆྔ   β ʹҰக͢Δɻ·
ͨ v ͷϕΠζਪఆྔ͸ࣄޙ෼෍ͷฏۉͰ༩͑ΒΕΔͷͰ GZ Σ−1(y −Xβ) ͕ϕΠζਪఆྔʹͳ
Δɻ͜Εʹ   β Λ୅ೖͨ͠΋ͷ GZ Σ−1(y −X  β) ͸ܦݧϕΠζਪఆྔͱݺ͹ΕΔ͕ɼࠞ߹Ϟσϧ










[3] ࢬ෼͔ΕޡࠩճؼϞσϧʹ͓͚Δ BLUP. 2.1 અͰ঺հͨ͠Ϟσϧ (2.2) ʹ͓͍ͯ, ֤܊ʹ
͓͚Δͱ͏΋Ζ͜͠ͷฏۉత࡞෇໘ੵʢ೶࡞۠ը୯Ґʣ
µi = x 
iβ + vi
































e ͱ͓͘ͱɼµi ͷ BLUP   µi(θ) ͸ɼ(2.8) ͔Β











j=1 yij Ͱ͋Γɼβ ͷ GLS ͸࣍Ͱ༩͑ΒΕΔɻ
  β(θ)=























͔ௐ΂ͯΈ͍ͨɻϞσϧ (2.2) ʹ͓͍ͯฏۉత࡞෇໘ੵ µi = x 
iβ +vi ͷ༧ଌ໰୊ΛऔΓ্͛ͯΈ
Δͱɼ֤܊ͷඪຊฏۉ yi Λ༻͍ͯ༧ଌ͢Δͷ͕جຊͰ͋Δ͕ɼni ͕ 1∼5 ఔ౓Ͱ͋ΔͨΊ༧ଌޡ
͕ࠩେ͖͍ͱ͍͏໰୊͕͋Δɻ͜Εʹରͯ͠ɼ(2.13) Ͱ༩͑ΒΕΔ BLUP   µi(θ) ͸ yi ͱ x 
i  β(θ)
ͱͷՃॏฏۉʹͳ͍ͬͯΔ͜ͱ͕Θ͔Δɻyi ͸௚઀औΒΕͨσʔλʹج͍ͮͨฏۉ஋Ͱ͋ΔͷͰɼ
ݸʑͷ܊ͷಛ௃Λ൓ө͍ͯ͠Δɻ͔͠͠ ni ͕খ͍͞ͱ͖ʹ͸ɼyi ͷ༧ଌޡ͕ࠩ໰୊ͱͳΔɻଞ
ํɼx 
i  β(θ) ͸શσʔλʹج͍ͮͯߏ੒͞Ε͍ͯΔͷͰ҆ఆ͍ͯ͠Δ͕ɼ܊ͷಛ௃͸ yi ΄Ͳڧ͘͸
ݱΕͳ͍ͱߟ͑ΒΕΔɻBLUP ͸ɼ͜ΕΒͷ఺Λߟྀͨ͠ํ๏Ͱ͋Γɼni ΋͘͠͸ θ ͕খ͚͞Ε
͹ yi Λ x 
i  β(θ) ͷํ޲΁ॖখ͢Δ͜ͱʹΑͬͯ҆ఆԽΛਤ͍ͬͯΔɻ͢ͳΘͪɼni ͕খ͚͞Ε͹ɼ
σʔλͷෆ଍Λपล΋͘͠͸શମͷσʔλͰิ͏͜ͱʹΑͬͯ༧ଌਫ਼౓ΛߴΊ͍ͯΔͱղऍ͞Ε
Δɻ͜ͷΑ͏ʹͯ͠ BLUP ͕খ஍Ҭͷ༧ଌ໰୊ʹ໾ཱͭ͜ͱ͕Θ͔Δɻݴ͍׵͑Ε͹ɼBLUP Λ
ੜΈग़͢ͱ͜ΖͷϞσϧͷܗʹɼখ஍Ҭͷ༧ଌΛޮՌతʹߦ͏࢓૊Έ͕උΘ͍ͬͯΔ͜ͱʹͳΔɻ
[1] มྔޮՌͱॖখਪఆ. vi Λ฼਺ޮՌͱ͠ β = 0 ͱͨ͠ͱ͖ʹ͸ɼµi ͷ࠷దͳਪఆྔ͸ yi











ͱͳΔ͜ͱ͔ΒΘ͔ΔΑ͏ʹɼyi ͱ vi ͷؒʹ͸૬͕ؔੜͣΔɻ͜ͷ͜ͱ͔Β৚݅෇͖ظ଴஋͕
E[vi|yi]=θni(1 + θni)−1(yi − x 
iβ) ͱͳΓɼyi ͕ x 
iβ ͷํ޲΁ॖখ͞ΕΔɻ͜͏ͯ͠ɼઢܗࠞ
߹Ϟσϧʹ͓͍ͯมྔޮՌ͕ yi Λॖখ͢Δ࡞༻ΛੜΉ͜ͱ͕Θ͔Δɻ
[2] ڞ௨฼਺ʹΑΔσʔλͷϓʔϦϯά. Ϟσϧ (2.2) ͔ΒΘ͔ΔΑ͏ʹ yi ͷظ଴஋͸ E[yi]=
x 
iβ Ͱ͋Γɼ͜Ε͸ i ʹґଘ͠ͳ͍ڞ௨ͳ฼਺ β ʹج͍͍ͮͯΔɻβ ͸શσʔλ y1,...,yk ͷՃ





͕Ͱ͖Δɻ͜ͷߟ͑ํ͸ܦݧϕΠζ๏ͷ࿮૊ΈͰ Efron and Morris (1975) ͷ࿦จͷதͰࣔ͞Ε
ͨ΋ͷͰ͋ΓɼϕΠζతΞϓϩʔνͷݱ࣮తͳ༗༻ੑ͸͜ͷΑ͏ͳߟ͑ํʹج͍͍ͮͯΔɻ
2.4 ෼ࢄ੒෼ͷਪఆͱܦݧ࠷ྑઢܗෆภ༧ଌྔ (EBLUP)
[1] ࠷໬๏ (ML) ͱ੍ݶ࠷໬๏ (REML) ઢܗࠞ߹Ϟσϧ (2.4) ʹ͓͍ͯɼҰൠʹڞ෼ࢄߦྻ
G, R ͸෼ࢄ੒෼౳ͷະ஌฼਺ʹґଘ͍ͯ͠ΔɻͦΕΒͷ฼਺Λ α =( α1,...,α m) ͱ͠ɼΣ(α)=
R(α)+ZG(α)Z  ͱॻ͘͜ͱʹ͢ΔͱɼBLUP (2.8) ͸   µ(α)=a   β(α)+b G(α)Z {Σ(α)}−1{y−
X  β(α)} ͱද͞ΕΔɻα Λͦͷਪఆྔ   α Ͱஔ͖׵͑ͨ΋ͷ   µ(  α) Λܦݧ࠷ྑઢܗෆภ༧ଌྔ
(EBLUP) ͱ͍͏ɻ
7α Λਪఆ͢Δ୅දతͳํ๏ʹ࠷໬๏ (Maximum Likelihood, ML) ͱ੍ݶ෇͖࠷໬๏ (Restricted
Maximum Likelihood, REML) ͕͋Δɻy ͷपล෼෍͸ɼ(2.12) ΑΓ y ∼N N(Xβ,Σ(α)) Ͱ༩͑
ΒΕΔ͕ɼ͜ͷ໬౓ʹج͍ͮͨਪఆ๏͕ ML Ͱ͋Δɻβ Λ GLS   β(α) Ͱਪఆ͢Δͱɼα ͷ ML ͸ɼ
log|Σ(α)|+(y−X  β(α)) Σ(α)−1(y−X  β(α)) Λ࠷খʹ͢Δղͱͯ͠༩͑ΒΕΔɻҰํɼX ͷϥϯ
ΫΛ r ͱ͠ K Λ K X = 0 ͳΔ N×(N−r) ߦྻͱ͢ΔͱɼK y ∼N N−r(0,K Σ(α)K) ͱͳΓɼ




 − X Σ(α)−1
ͱ͓͘ͱ͖ɼ
(y − X  β(α)) Σ(α)−1(y − X  β(α)) = y P(α)y, P(α)=K(K Σ(α)K)−1K 
͕੒Γཱͭ͜ͱʹ஫ҙ͢Δɻ·ͨ (∂/∂αi)log|Σ| =t r( Σ−1∂Σ/∂αi), ∂P/∂αi = −P(∂Σ/∂αi)P,





















ӈล͸y P(α){∂Σ(α)/∂αi}P(α)y =( y−X  β(α)) Σ(α)−1{∂Σ(α)/∂αi}Σ(α)−1(y−X  β(α)) =
−(y − X  β(α)) {∂Σ(α)−1/∂αi}(y − X  β(α)) ͱมܗͰ͖ΔͷͰɼ͍ͣΕ͔ܭࢉ͠΍͍͢΋ͷΛ
ར༻͢Ε͹Α͍ɻML ͱ REML ͱͰ͸ͲͪΒ͕Α͍ͷ͔ʹ͍ͭͯ McCulloch and Searle (2001)
ͷ 6.10 અͰٞ࿦͞Ε͍ͯΔ͕ɼREML ͸෼ࢄ੒෼ͷਪఆ͕ෆภʹۙ͘ͳΔΑ͏ʹࣗ༝౓͕ௐ੔
͞Ε͍ͯΔ఺Ͱ༏Ε͍ͯΔͱࢥΘΕΔɻML ͱ REML ͷ۩ମతͳྫ͕ 3.1 અͰऔΓ্͛ΒΕ͍ͯ
ΔͷͰ྆ऀͷҧ͍ΛݟΔ͜ͱ͕Ͱ͖Δɻ
[2] ࢬ෼͔ΕޡࠩճؼϞσϧʹ͓͚Δਪఆ. Ұൠʹ͸ ML, REML Λ໌ࣔతʹಋ͘͜ͱ͕Ͱ͖ͳ














(yij − yi) − (xij − xi)   β1
 2
(2.16)




j=1(xij − xi)(xij − xi)  ͷϥϯΫΛද͓ͯ͠Γɼ
௨ৗ͸ઢܗϞσϧ (2.2) ͕ఆ਺߲Λ΋ͭͱ͖ʹ͸ λ =1 ,΋ͨͳ͍ͱ͖ʹ͸ λ =0ͱͳΔɻ·




j=1{(yij − yi) − (xij − xi) β}2 ʹ͓͚Δ β ͷ࠷খ̎৐ਪఆྔΛද͍ͯ͠Δɻ
Ұํɼy1,...,yk ͸ ˆ σ2UB
e ͱಠཱʹ෼෍͠ɼyi ∼N (x 
iβ,σ2
e/ni + σ2
v), i =1 ,...,k, ʹै͏ɻ




j=1 njxjyj ʹରͯ͠ɼS2 =
 k
i=1 ni(yi−x 
i  β2)2 ͱ͓͖ɼN =
 k
i=1 ni,





   k
i=1 nixix 
i







∗ {S2 − (k − p)ˆ σ2UB
e }
ͱͳΔɻ෼ࢄ੒෼ σ2
v ͷෆภਪఆྔ ˆ σ2UB
v ͷܽ఺͸ਖ਼ͷ֬཰Ͱෛͷ஋Λͱͬͯ͠·͏͜ͱͰ͋Δɻ
Kubokawa (2000) ͸ σ2
e, σ2
v ͷෆภਪఆྔʹमਖ਼ΛՃ͑ͨଧͪ੾ΓਪఆྔΛఏҊ͠ෆภਪఆྔΛ
8༏ӽ͢Δ͜ͱΛࣔͨ͠ɻ͜͜Ͱ͸෼ࢄ੒෼ͷൺ θ = σ2
v/σ2
e ͷଧͪ੾Γਪఆྔͱͯ͠ɼ













Λ༻͍Δ͜ͱʹ͢Δɻ݁ہɼ͜ͷ ˆ θ Λ (2.13) ʹ୅ೖ͢Δ͜ͱʹΑΓ EBLUP   µi(ˆ θ) ͕ಘΒΕΔɻ
3 ઢܗࠞ߹ϞσϧΛར༻ͨ͠খ஍ҬਪఆͱޡࠩධՁ





׭ி͔Βൃߦ͞ΕΔ਺஋ʹ͸ूܭσʔλ͕ଟ͍͜ͱ͔ΒɼFay and Herriot (1979) ͸ɼ
yi = x 
iβ + vi + ei,i =1 ,...,k, (3.1)
ͳΔܗͷϞσϧΛѻͬͨɻͨͩ͠ɼޡ߲ࠩ ei ͸ ei ∼N(0,σ 2
e/ni) ʹै͏ɻݸʑͷσʔλʹج͍ͮ
ͨϞσϧ (2.2) ͕ݸମϨϕϧͷϞσϧͰ͋Δͷʹରͯ͠ɼ͜Ε͸஍ҬϨϕϧͷϞσϧͱͳ͍ͬͯ







j=1 yij/ni, xi =
 ni
j=1 xij/ni ʹରԠ͍ͯ͠Δ͕ɼ؍ଌ͞ΕΔσʔλ͸ݸʑ
ͷσʔλͰ͸ͳ͘ूܭσʔλ yi, xi Ͱ͋Δ఺ʹ஫ҙ͢Δɻy =( y1,...,yk) , X =( x1,...,xk) ,
e =( e1,...,e k)  ͱͯ͠ߦྻදݱ͢Δͱɼ
y =Xβ+ v + e, (3.2)
v ∼N(0,σ2
vIk), e ∼N(0,D)
ͱද͞ΕΔ͜ͱ͕Θ͔Δɻͨͩ͠ D ͸ର֯ߦྻ D = diag(σ2
e/n1,...,σ2
e/nk) Ͱ͋Δɻ͜Ε
Ҏ߱͸ɼ͜ͷϞσϧΛ༻͍ͯઆ໌͢ΔɻϞσϧ (3.1) ʹ͓͍ͯ σ2
v ٴͼ ෼ࢄ੒෼ൺ θ = σ2
v/σ2
e
͸ (y1,...,yk) ʹج͍ͮͯਪఆ͞ΕΔɻθ ͷਪఆྔΛ ˆ θ = ˆ θ(y1,...,yk) Ͱද͢͜ͱʹ͢Δͱɼ
µi = x 
iβ + vi ͷ EBLUP ͸ (2.13) ΑΓ͜ͷ ˆ θ Λ༻͍ͯ
  µi(ˆ θ)=yi − ˆ γi(¯ yi − ¯ x 
i  β(ˆ θ)), ˆ γi = γi(ˆ θ) = (1 + niˆ θ)−1 (3.3)
ͳΔܗͰදݱͰ͖Δɻ͜ͷϞσϧͰ͸ β ͷ GLS ͸࣍ͷΑ͏ʹͳΔɻ
  β(θ)=














































i{yi − x 
i  β(θ)}2
(1 + niθ)2


















i  β2)2 ͱ͓͘ͱɼ(2.16) ͷԼͰ༩͑ΒΕͨٞ࿦ͱಉ༷ʹͯ͠


















e) − 1,0}, REML ͸ n−1 max{n
 k
i=1{yi − x 
i  β(θ)}2/((k − p)σ2
e) − 1,0} ͱͳΓɼ
REML ͸ෆภʹ͍ۙ͜ͱ͕Θ͔Δɻ͜ͷ৔߹ɼFH ͸ REML ͱಉ͡Ͱ͋Γɼ·ͨ ˆ θTR ΋͍ۙਪ
ఆ஋Λ༩͍͑ͯΔɻ
3.2 ฏۉ̎৐ޡࠩͷਪఆ
ͯ͞ EBLUP ͷ༧ଌޡࠩΛݟੵ΋ΔͨΊʹ EBLUP ͷฏۉ̎৐ޡࠩͷਪఆྔΛٻΊΑ͏ɻEBLUP
ͷ µi = x 
iβ + vi ʹର͢Δਪఆޡࠩͱͯ͠ɼ
Mi(θ,  µi(ˆ θ)) = E
  





ࠩΛฏۉ̎৐ޡࠩ (Mean Squared Error, MSE) ͱݺͿ͜ͱʹ͢Δɻ͜ͷ MSE Λਪఆ͢Δ͜ͱʹ
Αͬͯ EBLUP ͷޡࠩΛධՁ͢Δ͜ͱ͕Ͱ͖Δɻ




Stein ͷ౳ࣜΛ༻͍ΔͱɼEBLUP ͷ MSE ʹରͯ͠ਖ਼֬ͳෆภਪఆྔ͕ಘΒΕΔɻৄ͍͠ܗ͸ ٱ
อ઒ (2007) Ͱ༩͑ΒΕ͍ͯΔ͕ɼ͜Ε͸ଟ͘ͷ߲͔Βߏ੒͞Ε͍ͯΔͷͰͦΕ͚ͩ෼ࢄ͕େ͖͘
ͳͬͯ͠·͏ͱ͍͏ฐ֐Λ΋ͭ͜ͱʹͳΔɻ࣮ࡍɼDatta, Kubokawa and Rao (2002) ͸ਖ਼֬ͳෆ
ภਪఆྔͷਪఆޡ͕ࠩେ͖͍͜ͱΛ਺஋࣮ݧΛ௨ͯ͠ݕূ͍ͯ͠ΔɻσʔλΛ౰ͯ͸ΊͯΈΔͱ
΄ͱΜͲͷ MSE ਪఆ஋͕ෛͷ஋Λͱͬͯ͠·͏͜ͱ΋͓͜Δɻͦ͜ͰɼMSE Λ઴ۙతʹۙࣅ͠
ͨਪఆྔΛٻΊΔ͜ͱʹ͠Α͏ɻ
খ஍Ҭਪఆͷ໰୊Λѻ͍ͬͯΔͷͰ֤܊ͷඪຊαΠζ ni ͕খ͍ͨ͞Ίɼ܊ͷݸ਺ k ͕େ͖
͍৔߹Λߟ͑ͯ k ʹ͍ͭͯͷ઴ۙۙࣅΛٻΊΔɻˆ θ ͷόΠΞεͱ෼ࢄΛ Biasθ(ˆ θ)=E[ˆ θ − θ],














g3i(θ)= ni{γi(θ)}3Va r θ(ˆ θ),
ͱ͓͘ͱɼEBLUP ͷ MSE ͷ k ʹؔ͢Δ̎࣍ۙࣅ͸
Mi(θ,   µi(ˆ θ)) = g1i(θ)+g2i(θ)+g3i(θ)+o(k−1)
ͱͳΔɻ͜ͷۙࣅࣜΛ༻͍Δͱ MSE ͷ̎࣍ۙࣅʹج͍ͮͯ MSE ͷ̎࣍઴ۙෆภਪఆྔΛߏ੒
͢Δ͜ͱ͕Ͱ͖ɼ
  MU






i (ˆ θ)] = Mi(θ,   µi(ˆ θ)) + o(k−1) ͕੒Γཱͭɻ
લઅͰ༩͑ΒΕͨ θ ͷਪఆྔ ˆ θML, ˆ θREML, ˆ θFH, ˆ θTR ͷ෼ࢄʹ͍ͭͯ͸ɼVa r θ(ˆ θML)=
Va r θ(ˆ θREML)=2 /
 k
i=1(niγi)2+o(k−1), Va r θ(ˆ θFH)=2 k/(
 k























ͱͳΔͷͰɼ ͜ΕΒΛ༻͍ͯ MSE ͷ̎࣍઴ۙෆภਪఆ஋͕ܭࢉͰ͖ΔɻEBLUP ͷ MSE Mi(θ,   µi(ˆ θ))
ʹ͓͍ͯ ˆ θ ͷӨڹ͸ɼg3i(θ) ͷதͷ Va r θ(ˆ θ) ʹݱΕΔͷͰɼ෼ࢄͷখ͍͞ਪఆྔ ˆ θ Λ༻͍Ε͹
MSE ͷ̎࣍ۙࣅ͕খ͘͞ͳΔɻVa r θ(ˆ θML)=Va r θ(ˆ θREML) ≤ Va r θ(ˆ θFH) ͱͳΔ͜ͱ͕ࣔ͞Ε
ΔͷͰɼFH ΑΓ΋ ML, REML Λ༻͍ͨํ͕઴ۙతʹ͸ MSE ͕খ͘͞ͳΔ͜ͱ͕Θ͔Δɻ·
ͨ (3.6) ͷதͷ߲ͷ਺͕૿͑Ε͹ਪఆྔ   MU
i (ˆ θ) ͷόϥπΩ͕େ͖͘ͳΔͷͰɼBias(ˆ θ)=0ͱͳ
ΔਪఆྔΛ༻͍ͨํ͕Α͍ɻͦͷ఺͔Β θ ͷਪఆྔͱͯ͠ REML Λ༻͍Δͷ͕Α͍ͱࢥΘΕΔɻ
Ҏ্ͷ಺༰͸ɼDatta et al. (2002), Rao (2003), Datta, Rao and Smith (2005) Ͱৄ͘͠આ໌͞Ε
͍ͯΔɻ
3.3 ৴པ۠ؒͷߏ੒
EBLUP ͷޡࠩΛධՁ͢Δ΋͏Ұͭͷํ๏͸ EBLUP ʹج͍ͮͨ৴པ۠ؒΛߏ੒͢Δ͜ͱͰɼ
ͦͷޡࠩͷఔ౓͕৴པ۠ؒͷ෯ͱͯ͠ද͞ΕΔͷͰ࣮༻্༗༻Ͱ͋Δɻલઅͱಉ༷ɼi ൪໨ͷখ஍
Ҭͷฏۉ µi = x β +vi ͷਪఆʹڵຯ͕͋Δͱ͠ɼσ2
e ͕ط஌ͱͯ͠࿩ΛਐΊΔɻ·ͣɼµi ͷඪຊ








11Ͱ༩͑ΒΕΔɻͨͩ͠ɼzα/2 ͸ඪ४ਖ਼ن෼෍ͷ্ଆα/2 ఺Λද͢ɻ͜Ε͸৴པ܎਺ 1 −α ͷ৴པ
۠ؒͱͳΔ͕ɼni ͕খ͍͞ͱ͖ʹ͸ yi ͷόϥπΩ͕େ͖͘ͳͬͯ͠·͏ͱͱ΋ʹ৴པ۠ؒͷ௕
͕͞௕͘ͳͬͯ͠·͏ɻ
ͦ͜Ͱɼઢܗࠞ߹Ϟσϧ (3.1) ͷԼͰͷ৴པ۠ؒͷߏ੒ʹ͍ͭͯߟ͑ͯΈΑ͏ɻͦͷϞσϧΛ
ϕΠζϞσϧͷ࿮૊ΈͰଊ͑Δͱɼµi ʹ µi ∼N(0,σ2
vIk) ͳΔࣄલ෼෍ΛԾఆ͍ͯ͠Δ͜ͱʹͳ
Δɻµi ͷϕΠζਪఆྔ͸ɼγi =( 1+niθ)−1 ʹରͯ͠   µB
i (β,θ)=x 
iβ +( 1− γi)(yi − x 
iβ) Ͱ༩







ͱͳΓɼµi ʹର͢Δ৴པ܎਺ 1 − α ͷϕΠζత৴པ۠ؒ͸ɼ
IB
i (β,θ):   µB




ͱॻ͚Δɻ͜Ε͸ະ஌฼਺ β, θ ΛؚΜͰ͍ΔͷͰɼͦΕΒͷਪఆྔΛ୅ೖͨ͠৴པ͕۠ؒߟ͑Β
ΕΔɻҰൠʹ ˆ θ Λ y1,...,yk ʹج͍ͮͨ θ ͷਪఆྔͱ͠ɼβ Λ (3.4) Ͱ༩͑ΒΕΔҰൠԽ࠷খ2
৐ਪఆྔ   β(ˆ θ) Ͱਪఆ͢Δͱɼµi ͷܦݧϕΠζਪఆྔ͸
  µEB
i (ˆ θ)=x 
i  β(ˆ θ)+( 1− ˆ γi)
 
yi − x 
i  β(ˆ θ)
 




i (ˆ θ):   µEB
i (ˆ θ) ± zα/2
 
(σ2
e/ni)(1 − ˆ γi)
ͱͳΔɻܦݧϕΠζਪఆྔ   µEB
i (ˆ θ) ͸ yi ʹൺ΂ͯਪఆਫ਼౓͕ߴ͍͚ͩͰͳ͘ɼ৴པ۠ؒͷ௕͞΋
୹͘ͳ͍ͬͯΔɻ͔͠͠ɼܦݧϕΠζ৴པ۠ؒ IEB
i (ˆ θ) ͷඃ෴֬཰͕ 1 − α Ҏ্ʹͳΔ͜ͱ͸อ
ূ͞Ε͍ͯͳ͍ɻk = 50, p =3 ,1− α =0 .95 ͱ͠ β, ni, xi ౳Λద౰ʹ༩͑ͨͱ͖ͷඃ෴֬཰Λ
γϛϡϨʔγϣϯ࣮ݧʹΑͬͯٻΊɼԣ࣠ʹ θ ͷ஋Λͱͬͯඳ͍ͨ΋ͷ͕ਤ 1 Ͱࣔ͞Ε͍ͯΔɻ
͜ͷਤ͔ΒΘ͔ΔΑ͏ʹɼIEB
i (ˆ θ) ͷඃ෴֬཰͸ 95% Λ͔ͳΓԼճͬͯ͠·͏ɻ
ͦ͜Ͱɼ3.2 અͷٞ࿦Λ༻͍ͯɼඃ෴֬཰͕ k ʹؔͯ̎࣍͠઴ۙతʹ 1 − α ͰۙࣅͰ͖ΔΑ͏
ͳ৴པ۠ؒΛߏ੒͢Δɻ͜ͷΑ͏ͳ৴པ۠ؒ͸, n1 = ···= nk Ͱ σ2
e ͕ط஌ͷͱ͖ʹ͸ Basu,
Ghosh and Mukerjee (2003) ͳͲʹΑͬͯٻΊΒΕɼn1,...,n k ͕౳͍͜͠ͱΛԾఆͤͣɼσ2
e ͕
ະ஌ͱ͍͏ҰൠతͳઃఆͷԼͰ͸࡫੉-ٱอ઒ (2005) ʹΑͬͯಘΒΕͨɻBasu et al. (2003) ͷ࿦
๏ʹैͬͯ, zα/2 ͷ୅ΘΓʹ zα/2{1+( 2 k)−1h(ˆ θ)} Λ༻͍ͨ৴པ۠ؒ
IAEB
i :   µEB
i (ˆ θ) ± zα/2
 
1+( 2 k)−1h(ˆ θ)
  
(σ2
e/ni)(1 − ˆ γi) (3.8)




1 − ˆ γi










































ਤ 1: ඪຊฏۉʹجͮ͘৴པ۠ؒ I
∗
i , ܦݧϕΠζ৴པ۠ؒ I
EB
i , ิਖ਼ޙͷ৴པ۠ؒ I
AEB
i ͷඃ෴֬཰ͷൺֱ
Ͱ༩͑ΒΕΔɻ͜ͷͱ͖ɼBiasθ(ˆ θ)=Op(k−1), ∂ˆ θ/∂yi = Op(k−1) ΛԾఆ͢Δͱɼ
P[µi ∈ IAEB
i ]=1− α + o(k−1), (k →∞ )
͕੒Γཱͭ͜ͱ͕ࣔ͞ΕΔɻ(3.1) Ͱ༩͑ΒΕͨਪఆྔ ˆ θTR ʹରͯ͠͸ɼBiasθ(ˆ θTR)=o(k−1),
Va r θ(ˆ θTR)=2
 k
i=1(1 + niθ)2/N 2 + o(k−1) ͱͳΔͷͰɼ͜ΕΛ (3.9) ʹ୅ೖ͢Ε͹ิਖ਼߲͕ಘ

















ਤ 1 ͔ΒΘ͔ΔΑ͏ʹɼ2 ࣍ิਖ਼ޙͷܦݧϕΠζ৴པ۠ؒ IAEB
i ͷඃ෴֬཰͸ 95% ΑΓେ͖







ͯ͞ɼ۩ମతͳখ஍Ҭʹؔ͢ΔσʔλΛ༻͍ͯ EBLUP ͷಛ௃ɼฏۉ̎৐ޡࠩਪఆٴͼ EBLUP
ʹج͍ͮͨ৴པ۠ؒͷڍಈΛௐ΂ͯΈΑ͏ɻ͜͜Ͱ༻͍Δσʔλ͸ɼژ඿ٸߦిమຊઢٴͼٱཬ඿
ઢԊ͍ͷ୐஍෺݅ʹ͍ͭͯ 2001 ೥ʹެද͞Εͨ 1m2 ౰ͨΓͷ஍ՁެࣔՁ֨Ͱ͋Δɻ֤ӺΛ̍ͭ
ͷখ஍Ҭͱߟ͑ɼ·ͨ i ൪໨ͷӺΛ࠷دΓӺͱ͢Δ෺݅ͷσʔλΛͦͷখ஍Ҭ͔ΒͱΒΕͨσʔ
λͱߟ͑ͯɼͦͷݸ਺Λ ni Ͱද͢ɻখ஍Ҭͷ૯਺͸ k =4 8Ͱ͋Γɼni ͸ 1 ͔Β 12 ·ͰෆۉҰ
ͳ஋Λͱ͍ͬͯΔ͕ฏۉ 3.73 ఔ౓Ͱ͋Δɻ֤஍ՁެࣔՁ֨Λର਺ม׵ͨ͠΋ͷΛ yij ͱ͠ɼ(2.2)
ʹରԠ͢ΔϞσϧ























ਤ 2: ඪຊฏۉʹجͮ͘৴པ۠ؒ I
∗
i , ܦݧϕΠζ৴པ۠ؒ I
EB
i , ิਖ਼ޙͷ৴པ۠ؒ I
AEB
i ͷ௕͞ͷൺֱ
Λ૝ఆͯ͠ΈΔɻ͜͜Ͱɼڞมྔ x1i ͸ i ൪໨ͷӺ͔Β඼઒Ӻʹ౸ண͢Δͷʹཁ͢Δ࣌ؒɼx2ij
͸෺݅ (i,j) ͔Β࠷دΓӺ (i) ·Ͱͷ࣌ؒڑ཭, x3ij ͸෺݅ (i,j) ͷ༰ੵ཰Λද͍ͯ͠Δɻxij =




j=1(xij − xi)(xij − xi)  ͷϥϯ
Ϋ͸ 2 ͱͳΔͷͰɼ(2.16) ͷ ˆ σ2
e ʹ͓͚Δ λ ͸ λ =2ͱͳΔ͜ͱʹ஫ҙ͢Δɻ͜ͷϞσϧʹ͓͍
ͯɼӺ (খ஍Ҭ) ͝ͱʹฏۉతͳ஍ՁެࣔՁ֨
µi = β0 + x1iβ1 + x2iβ2 + x3iβ3 + vi
ͷ༧ଌʹؔͯ͠ɼ͜Ε·Ͱઆ໌͖ͯͨ͠ख๏ͷڍಈΛௐ΂ͯΈΑ͏ɻ
ˆ θ ͱͯ͠ 3.1 અͷଧͪ੾Γਪఆྔ ˆ θTR Λ༻͍ͯɼσʔλ͔Βਪఆ஋ ˆ θTR,   β(ˆ θTR), ˆ σ2
e Λܭࢉ͢
Δͱɼˆ θTR =0 .551775,   β(ˆ θTR) = (12.927, −0.014251, 9.38× 10−6,0.001444), ˆ σ2
e =0 .020936 ͱ
ͳΔɻβ1 ͷਪఆ஋͕ෛͷ஋Ͱ͋Δ͜ͱ͔Βɼ඼઒Ӻ͔Βԕ͘ͳΔʹͭΕͯ஍ՁެࣔՁ֨͸௿͘ͳ
Δ܏޲ʹ͋Γɼ߹ཧతͳූ߸Λ͍ࣔͯ͠Δɻද 1 ͸ɼژ඿ٸߦԊઢͷ෺݅ 1m2 ౰ͨΓͷӺ͝ͱͷ
ฏۉՁ֨ͷ༧ଌ஋ͱ༧ଌޡࠩΛ༩͍͑ͯΔɻNo.1 ๺඼઒͔Β No.48 ௡ٱҪ඿·Ͱͷ 48 ͷӺ͕౦
ژʹ͍ۙॱʹ൪߸෇͚ΒΕ͍ͯΔɻni ͸ར༻Մೳͳσʔλ਺ɼyi ͸ඪຊฏۉ஋ɼEBLUPi ͸ (3.3)
͔Βܭࢉ͞ΕΔ༧ଌ஋ɼ  β(ˆ θTR) ͸ϓʔϧ͞Εͨਪఆ஋ʹج͍ͮͨճؼਪఆ஋Λ͍ࣔͯ͠Δɻ͜Ε
Βͷਪఆ஋Λࢦ਺ม׵ͨ͠஋͕ɼද 1 ͷʮ༧ଌ஋ʯͷཝͰ༩͑ΒΕ͍ͯΔɻ͜ͷද͔ΒɼEBLUPi
͸ yi Λ   β(ˆ θTR) ͷํ޲΁ॖখ͓ͯ͠Γɼಛʹ ni ͕খ͍͞ͱ͖ʹॖখͷ౓߹͍͕େ͖͘ͳΓ ni ͕
େ͖͘ͳΔʹͭΕͯॖখͷఔ౓͸খ͘͞ͳΔ͜ͱ͕Θ͔Δɻද 1 ͷʮ༧ଌޡࠩʯͷཝ͸ɼ(3.5) Ͱ
༩͑ΒΕͨฏۉ̎৐ޡࠩ (MSE) ͷਪఆ஋͕༩͑ΒΕ͍ͯΔɻ1/ni ͸ɼvi Λ฼਺ͱͨ͠ͱ͖ͷ yi
ͷ MSE Ͱ͋Γɼ  MU
i ͸ EBLUPi ͷ MSE ͷ̎࣍઴ۙෆภਪఆ஋Λද͓ͯ͠Γɼ(3.6) ͔Βܭࢉ
͞Εͨ΋ͷͰ͋Δɻਤ 3 ͸ yi ͷ MSE ͱ   MU
i ͱ ni ͷ஋ΛɼӺΛ No.1 ͔Β No.48 ·Ͱԣ࣠ʹ
ͱͬͯඳ͍ͨਤͰ͋Δɻ͜ΕΒͷ਺஋తͳ݁ՌΛͳ͕ΊͯΈΔͱɼEBLUPi ͷ༧ଌޡࠩ͸ yi Α
Γ΋͔ͳΓখ͘͞ɼಛʹ ni ͕খ͍͞ͱ͖ʹ͸ஶ͍͠վળ͕ͳ͞Ε͍ͯΔ͜ͱ͕Θ͔Δɻni ͕େ
͖͍ͱ͜ΖͰ͸྆ऀͷࠩ͸খ͍͞Α͏Ͱ͋Δɻද 1 Ͱ͸༩͑ΒΕ͍ͯͳ͍͕ɼMSE ͷਖ਼֬ͳෆ
ภਪఆྔͷ஋Λܭࢉͨ͠ͱ͜Ζෛͷ஋ʹͳͬͯ͠·ͬͨɻશମతʹ͔ͳΓॖখ͕ͳ͞Ε͍ͯΔͨ
14ද 1: ژ඿ٸߦઢԊઢͷ෺݅ͷ 1m2 ౰ͨΓͷӺ͝ͱͷฏۉՁ֨ͷ༧ଌ஋ͱ༧ଌޡࠩ
(EBLUP∗
i ͸࣌ܥྻσʔλΛ૊ΈࠐΜͩ༧ଌྔ (4.6) ʹΑΔ஋)
༧ଌ஋ ༧ଌޡࠩ ࣌ܥྻ༧ଌ஋
No. ࠷دΓӺ ni ˆ v∗
i yi EBLUPi   β(ˆ θTR) 1/ni   MU
i EBLUP∗
i
1 ๺඼઒ 1 1.73 607000 470301 408538 1.000 0.428 465078
2 ৽അ৔ 3 0.29 536217 528604 516239 0.333 0.229 565306
3 ੨෺ԣஸ 1 -0.02 484000 485410 486190 1.000 0.402 535321
4 ࡻऱ 1 1.38 569000 463645 414112 1.000 0.405 470527
5 ཱձ઒ 2 1.08 508199 469206 429639 0.500 0.291 482257
6 େ৿ւ؛ 2 0.77 525882 496574 466124 0.500 0.293 528852
7 ฏ࿨ౡ 2 0.16 470500 464950 458901 0.500 0.289 502266
8 େ৿ொ 2 0.60 400999 383471 365017 0.500 0.287 400890
9 ക԰ෑ 1 0.32 382000 364090 354570 1.000 0.390 388314
10 ژٸוా 3 -0.05 484130 485518 487826 0.333 0.228 525930
11 ࡶ৭ 4 0.60 389435 380913 362758 0.250 0.183 395263
12 ࿡ڷ౔ख 2 -0.86 315899 336715 361281 0.500 0.295 372501
13 ژٸ઒࡚ 4 0.13 604995 601955 595299 0.250 0.197 650621
14 ௽ݟࢢ৔ 7 -1.28 319928 328736 365095 0.143 0.119 353112
15 ژٸ௽ݟ 2 -0.08 570920 574304 578061 0.500 0.330 648094
16 Ֆ݄Ԃલ 2 -0.57 283069 295282 309371 0.500 0.286 322063
17 ੜഴ 7 -0.56 293188 296724 310786 0.143 0.119 312264
18 ژٸ৽ࢠ҆ 2 -1.41 321134 356534 400146 0.500 0.286 407568
19 ࢠ҆ 1 1.70 525000 408045 355071 1.000 0.391 417252
20 ਆಸ઒৽ொ 1 -0.56 270000 293576 307455 1.000 0.395 322851
21 ਆಸ઒ 1 0.01 331000 330113 329624 1.000 0.391 357250
22 ށ෦ 3 -0.26 375575 380448 388655 0.333 0.227 414867
23 ೔ϊग़ொ 4 -0.32 322805 326724 335540 0.250 0.182 349921
24 ԫۚொ 3 -0.49 305847 313364 326213 0.333 0.222 340868
25 ೆଠా 2 0.01 371510 371021 370481 0.500 0.297 407216
26 Ҫ౔ϲ୩ 6 -0.12 271955 272818 275697 0.167 0.134 285193
27 ߂໌ࣉ 6 0.02 243983 243815 243260 0.167 0.136 251979
28 ্େԬ 5 -0.84 245846 252081 270115 0.200 0.157 267897
29 ሯ෩Ӝ 4 -1.04 229245 238234 259343 0.250 0.183 257841
30 ਿా 6 -0.59 226449 229798 241243 0.167 0.135 241506
31 ژٸ෋Ԭ 8 0.25 228446 227393 222803 0.125 0.107 232265
32 ೳݟ୆ 12 1.42 244788 240536 214183 0.083 0.075 239566
33 ۚ୔จݿ 10 -0.29 236221 237245 242974 0.100 0.088 244637
34 ۚ୔ീܠ 2 -1.05 210000 226995 247350 0.500 0.282 253148
35 ௥඿ 7 -1.92 189859 197708 231197 0.143 0.119 214788
36 ژٸాӜ 3 -0.72 186865 193649 205425 0.333 0.226 210838
37 ҆਑௩ 3 -1.75 163998 178742 206117 0.333 0.233 202777
38 ҳݟ 3 -0.57 184801 190123 199273 0.333 0.226 207148
39 ࣚೖ 2 -1.65 174379 196973 225318 0.500 0.284 226449
40 ԣਢլதԝ 3 0.54 258351 251518 240602 0.333 0.230 266109
41 ݝཱେֶ 6 -0.03 208107 208260 208766 0.167 0.137 219065
42 ງϊ಺ 2 0.77 212941 201120 188836 0.500 0.306 208271
43 ৽େ௡ 2 -0.36 189447 194667 200595 0.500 0.296 213176
44 ๺ٱཬ඿ 5 -0.04 184702 184971 185715 0.200 0.157 194023
45 ژٸٱཬ඿ 6 2.31 240698 227358 188249 0.167 0.137 224582
46 ̧̮̥໺ൺ 6 2.80 200674 187314 149112 0.167 0.138 181381
47 ژٸ௕୔ 5 0.70 165187 161782 152748 0.200 0.162 166523
48 ௡ٱҪ඿ 4 -0.12 158203 158957 160634 0.250 0.229 169784















ਤ 3: ඪຊฏۉ yi ͷ MSE ͱ EBLUPi ͷ MSE ਪఆ஋   MU
i ͷൺֱ
(No.1 ͔Β No.48 ·Ͱͷ֤ӺΛԣ࣠ʹฒ΂͍ͯΔɻ)








ਤ 4: มྔޮՌͷ༧ଌ஋ ˆ vi Λඪ४Խͨ͠஋ ˆ v∗
i ͷ෼෍
16Ί MSE ͷਖ਼֬ͳෆภਪఆ஋͕ 0 Λӽ͑ͯෛͷ஋Λऔͬͯ͠·ͬͨͷ͔΋͠Εͳ͍͕ɼਖ਼֬ͳෆ
ภਪఆ஋͕޷·͘͠ͳ͍͜ͱΛҙຯ͍ͯ͠Δɻ
ද 1 ͷதͷ ˆ v∗
i ͸มྔޮՌͷ༧ଌ஋Λඪ४Խͨ͠஋Λ͍ࣔͯ͠ΔɻมྔͰ͋Δ஍ҬޮՌͷ෼෍͕
Ӻຖʹ༩͑ΒΕ͓ͯΓɼڞมྔͷӨڹΛऔΓআ͍ͨޙͷ஍ҬతͳࠩΛΈΔͷʹ໾ʹཱͭɻྫ͑͹ɼ
ೳݟ୆ɼژٸٱཬ඿ɼ̧̮̥໺ൺ͸ͦΕͧΕ 1.42, 2.31, 2.80 ͱߴ͘ɼ௥඿ɼࣚೖ͸ -1.92, -1.65





ਤ 5 ͸ɼ̎࣍ิਖ਼ͨ͠ܦݧϕΠζత৴པ۠ؒ IAEB
i ͱ yi ʹج͍ͮͨ৴པ۠ؒ I∗
i ͷ྆୺ͷ஋
ΛɼӺΛ No.1 ͔Β No.48 ·Ͱԣ࣠ʹͱͬͯඳ͍ͨਤͰ͋ΔɻIAEB
i ͷ஋͸ (3.8) ͔ΒܭࢉͰ͖
ΔɻI∗
i ͷ৴པ۠ؒͷಈ͖͕ ni ͕খ͍͞ͱ͖ʹෆ҆ఆʹͳΔͷʹൺ΂ɼIAEB
i ͸҆ఆͨ͠৴པ۠ؒ
Λ༩͍͑ͯΔɻIAEB
i ͷಈ͖Λͳ͕ΊͯΈΔͱɼ ʮշಛʯ ʮಛٸʯిं͕ఀं͢ΔӺͰ͸౔஍Ձ͕֨
ߴ͘ͳΔ͜ͱΛ൓өͯ͠Ӻ͝ͱʹมಈ͠ͳ͕Βɼશମͱͯ͠౦ژ͔Βԕ͘ͳΔʹͭΕͯՁ͕֨ݮ
গ͢Δͱ͍͏߹ཧతͳ܏޲͕ΈΒΕΔɻਤ 6 ͸ɼ৴པ۠ؒͷ௕͞ͱσʔλ਺ ni ͱͷؔ܎Λࣔͨ͠
΋ͷͰ͋ΔɻI∗
i ͷ௕͞͸ɼni ͕େ͖͍ͱ͖ʹ͸ IAEB
i ͱಉఔ౓Ͱ͋Δ΋ͷͷ, ni ͕খ͍͞ͱ͖ʹ
͸ IAEB
i ʹൺ΂͔ͯͳΓେ͖͘ͳͬͯ͠·͏͜ͱ͕Θ͔Δɻ
















ਤ 5: ิਖ਼ޙͷ৴པ۠ؒ IAEB
i ͱ ඪຊฏۉʹجͮ͘৴པ۠ؒ I∗
i ͷ྆୺ͷ஋ͷൺֱ


















ਤ 6: ิਖ਼ޙͷ৴པ۠ؒ IAEB
i ͱ ඪຊฏۉʹجͮ͘৴པ۠ؒ I∗
i ͷ௕͞ͷൺֱͱσʔλ਺ ni ͱͷ









Ͱ͋ΓɼLaird and Ware (1982), Tsimikas and Ledolter (1997), Das, Jiang and Rao (2004) ͳ
Ͳͷ࿦จͷଞɼDiggle, Liang and Zeger (1994), Verbeke and Molenberghs (2000), McCullock




͜͜Ͱ͸ɼ஍ҬϨϕϧͷϞσϧ (3.1) ʹؔ࿈ͯ͠஍ҬϨϕϧͷूܭσʔλ͕ T ݸͷ࣌఺Ͱ࣌ܥྻ
తʹͱΒΕ͍ͯΔ৔߹Λߟ͑Δɻ͜Ε͸ɼܦ࣌ଌఆσʔλ (repeated measures data, longitudinal
data) ͱ͍͏ɻຊདྷͳΒ͹ඪຊαΠζ͸σʔλ͕ͱΒΕͨ࣌఺ͱখ஍ҬʹΑΓҟͳΔͷͰ͋Δ͕ɼ
؆୯ͷͨΊʹಉ͡খ஍ҬͳΒ͹֤࣌఺Ͱಉ͡αΠζͷඪຊ͕ಘΒΕ͍ͯΔͱ͍͏ઃఆͷ΋ͱͰߟ
͑Δɻ͍·࣌఺ t =1 ,...,T ʹ͓͍ͯ yi1,...,yiT ͳΔσʔλ͕؍ଌ͞Εɼͦͷͱ͖ͷڞมྔΛ
xi1,...,xiT ͱ͢Δɻyi =( yi1,...,yiT) , Xi =( xi1,...,xiT) ͱ͓͖ɼyi ͸
yi = X
 
iβ + jTvi + ei (4.1)
18ʹै͏ͱ͢Δɻͨͩ͠ɼei ͱ vi ͸ಠཱʹ෼෍͠ɼei ∼N T(0,(σ2
e/ni)Q), vi ∼N(0,σ 2
v) ʹै͏ͱ
͢Δɻei =( ei1,...,e iT)  ͱͯ͠੒෼Ͱද͢ͱ
yit = x 
itβ + vi + eit,i =1 ,...,k, t=1 ,...,T,
ͱͳΔɻ͜ͷϞσϧ͸ଟ͘ͷจݙͰѻΘΕ͓ͯΓɼeis ͱ eit, s  = t, ͷؒʹ૬ؔؔ܎͕ೖ͍ͬͯΔɻ
ͦͷؔ܎͸ڞ෼ࢄߦྻ Q ͷதʹ࣌ؒతͳ૬ؔߏ଄ͱͯ͠ຒΊࠐ·ΕΔ͜ͱʹͳΓɼ௨ৗ͸Ұ༷ڞ


















1 ρρ 2 ρ3
ρ 1 ρρ 2
ρ2 ρ 1 ρ




























































y = Xβ+ Zv+ e (4.2)
ͱද͞ΕΔɻp × q ߦྻ A =( aij), r × s ߦྻ B ͷΫϩωοΧʔੵ͸ A ⊗ B =( aijB) Ͱఆٛ




Σ = ZGZ  + D ⊗ Q
ͱͳΔɻ͞Βʹ ZGZ  =( Ik ⊗ jT)(G ⊗ 1)(Ik ⊗ j 
T)=G ⊗ JT ʹ஫ҙ͢Δͱɼ݁ہ
Σ = G ⊗ JT + D ⊗ Q
ͱॻ͚ΔɻG = Cov(v) ʹ͸ۭؒత૬ؔߏ଄ΛೖΕΔ͜ͱ͕Ͱ͖ɼྫ͑͹Ұ༷ڞ෼ࢄߏ଄
G = σ2





19Ϟσϧ (2.2), (3.1) Ͱ͸ۭؒతʹແ૬ؔ Cov(v)=σ2
vIk ΛԾఆ͍ͯ͠Δɻͦͷ୅ΘΓ β Λڞ
௨ʹͱΔ͜ͱʹΑͬͯσʔλͷۭؒతϓʔϦϯά͕ͳ͞Ε͍ͯΔɻҎ߱͸ v ͕ແ૬ؔͱͯٞ͠࿦
͢Δɻ͜ͷͱ͖ɼΣ = Cov(y) ͸
Σ =σ2
















































ͱͳΔɻ·ͨɼβ ͷ GLS ͸
  β =










ͱͳΔɻैͬͯɼখ஍Ҭͷ T ظؒʹ͓͚Δฏۉ஋ µi = j 
TX
 
iβ/T + vi Λਪఆ͍ͨ͠ͱ͖ʹ͸ɼ
ͦͷਪఆྔ͸   µi = j 
TX
 
i  β/T +ˆ vi Ͱ༩͑ΒΕΔɻ





















yit − x 
it  β
 









−ρ 1+ρ2 −ρ 0







2 =( 1− ρ)−1(1,1 − ρ,...,1 − ρ,1) = j 
T + ρ(1 − ρ)−1(1,0,...,0,1),
j 
TQ−1
2 jT = T +2 ρ/(1 − ρ) ͱͳΔ͜ͱʹ஫ҙ͢Δɻैͬͯɼ
ˆ vi =
niθ
1+niθ{T +2 ρ/(1 − ρ)}
  T  
t=1
 







yi1 − x 
i1  β + yiT − x 
iT   β
  










Ҏ্ͷઃఆͰ͸ɼมྔޮՌ vi Λશظؒ t =1 ,...,T ʹΘͨͬͯಉҰͱ͍ͯ͠ΔͨΊ vi ͷ༧
ଌྔ͸ T ݸͷ࣌఺ʹΘͨͬͯ߹ࢉͨ͠ྔ
 T
t=1(yit − x 
itβ) ʹج͍͍ͮͯΔɻ͔͠͠ɼ̍೥͝ͱ
ʹσʔλ͕औΒΕ͍ͯͯ࠷৽ͷ༧ଌ஋Λ஌Γ͍ͨͱ͖ʹ͸ɼ্ड़ͷ༧ଌྔ͸໌Β͔ʹ޷·͘͠ͳ




iβ + vi + ei (4.3)











i (yi − x 
iβ) ͱͳΔ͜ͱΑΓɼ༧ଌྔ͸
  µiT = x 
iT   β + σ2
v(0,...,0,1)Σ−1




e/ni)(niθIT + Q) ͱॻ͚ΔͷͰɼ










ͱද͢͜ͱʹ͢Δɻͨͩ͠ɼa22 ͸εΧϥʔͰ͋Δɻa22.1 = a22 − a21A−1
11 a12 ͱ͓͘ͱ a21 =
−a21A−1
11 /a22.1, a22 =1 /a22.1 ͱॻ͚ΔͷͰɼ  µiT ͸
  µiT = x 




(yiT − x 
iT   β) − (a21A−1





ͱͳΔɻ͜Ε͸ɼyiT − x 
iT   β Λաڈͷ T − 1 ݸͷσʔλʹج͍ͮͨ༧ଌྔͷํ޲΁ॖখͨ͠ܗΛ
͍ͯ͠Δ͜ͱ͕Θ͔Δɻ
Q ʹҰ༷ڞ෼ࢄߏ଄ Q1 =( 1− ρ)IT + ρJT ΛԾఆ͢Δͱɼa22.1 =( niθ +1− ρ)(niθ +1+
(T − 1)ρ)/(niθ +1+( T − 2)ρ), a21A−1
11 = {ρ/(niθ +1+( T − 2)ρ)}j 
T−1 ͱͳΔ͜ͱ͔Β,
  µiT =x 
iT   β +
niθ(niθ +1+( T − 2)ρ)
(niθ +1− ρ)(niθ +1+( T − 1)ρ)
 
(yiT − x 
iT   β)
−
ρ
niθ +1+( T − 2)ρ
T−1  
t=1




ͱද͞ΕΔɻni →∞ͱ͢Δͱ   µiT → yiT, ρ → 0 ͱ͢Δͱ   µiT → x 
iT   β +{niθ/(1 +niθ)}(yiT −
x 
iT   β) ʹۙͮ͘͜ͱ͕Θ͔ΔɻҰํɼQ ʹࣗݾڞ෼ࢄߏ଄ Q2 =( ρ|i−j|) ΛԾఆͨ͠ͱ͖ʹ͸Ұൠ
ͷ࣍ݩʹରͯ͠͸༧ଌྔ (4.4) Λ໌ࣔతʹॻ͖Լ͢͜ͱ͸Ͱ͖ͳ͍͕ɼྫ͑͹ T =3ͷ৔߹ʹ͸ɼ
  µiT =x 
iT   β +
niθ{(niθ +1 ) 2 − ρ2}
(niθ +1− ρ2){(niθ +1 ) 2 − (1 − niθ)ρ2}
 
(yiT − x 
iT   β)
−
ρ
(niθ +1 ) 2 − ρ2
 
niθρ(yi,T−2 − x 




21ͱද͞ΕΔɻ(4.5) ͕աڈͷσʔλΛಉ͡ॏΈͰϓʔϦϯά͍ͯ͠Δͷʹରͯ͠ɼniθρ < niθ+1−ρ2
ͱͳΔ͜ͱ͔ΒΘ͔ΔΑ͏ʹɼ(4.6) ͸ΑΓ࠷ۙͷσʔλΛΑΓॏͯ͘͠Ճॏ࿨Λͱ͍ͬͯΔɻ
θ, ρ Λਪఆ͢Δʹ͸ ML ΋͘͠͸ REML Λ਺஋తʹٻΊΔඞཁ͕͋Δɻ͔࣍͠͠ͷΑ͏ͳ؆




j=1 njxjtyjt ͱ͓͍ͯ ˆ eit = yit −x 
it  βt





























ͰਪఆͰ͖Δɻρ ʹ͍ͭͯ͸,ˆ ρ =
 k
i=1niˆ ρi/N ͰਪఆͰ͖Δɻ͜͜Ͱɼˆ ρi ͸ɼQ1 ͷ৔߹, ei =
 T




s=t+1(ˆ eis − ei)(ˆ eit − ei) /{(T − 1)
 T
t=1(ˆ eit − ei)2} Ͱ͋Γɼ
Q2 ͷ৔߹,ˆ ρi =
 T
t=2(ˆ eit − ei)(ˆ ei,t−1 − ei)/
 T
t=1(ˆ eit − ei)2 Ͱ͋Δɻ͍ͣΕ΋ |ˆ ρ| < 1 Ͱ͋ΓҰ
Ԡ͜ΕΒΛ༻͍ͯਪఆͰ͖Δ͕, ͦΕΒΛॳظ஋ͱͯ͠ ML, REML Λ਺஋తʹղ͘ͷ͕Α͍ɻ
ͯ͞ɼࣗݾڞ෼ࢄߏ଄ Q2 ΛԾఆ͢Δͱ͖ɼ (4.4) ΋͘͠͸ (4.6) ʹΑͬͯ༧ଌ͞ΕΔ஋Λ࣮
ࡍͷσʔλʹج͍ͮͯܭࢉͯ͠ΈΑ͏ɻ࣮͸ɼ3.4 અͰऔΓ্͛ͨ୐஍෺݅ͷ஍ՁެࣔՁ֨ʹؔ
͢Δσʔλ͸࣌ܥྻతʹಘΒΕ͓ͯΓɼ͜͜Ͱ͸ 1997 ೥͔Β 2001 ೥·Ͱͷ 5 ೥ؒ (T =5 )ͷ
σʔλΛར༻͢Δ͜ͱ͕Ͱ͖Δɻˆ θTR =0 .686732, ˆ ρ =0 .244273 ͱͳΓɼӺຖͷ༧ଌ஋͕ද 1
ͷ EBLUP∗
i ͷཝͰ༩͑ΒΕ͍ͯΔɻ΄ͱΜͲͷ༧ଌ஋͕ 2001 ೥͚ͩͷσʔλʹج͍ͮͨ༧ଌ஋
EBLUPi Λ্ํमਖ਼͍ͯ͠Δ͜ͱ͕Θ͔Δɻ͜Ε͸ɼ͜ͷ 5 ೥ؒͷ୐஍ͷՁ͕֨೥ʑ௿͘ͳΔ܏
޲ʹ͋Δ͜ͱͱ, (4.4) ͕աڈͷσʔλʹج͍ͮͨ༧ଌ஋ͷํ޲΁ॖখ͢Δ࡞༻͕͋Δ͜ͱʹىҼ
͍ͯ͠Δɻਤ 7 ͸ɼมྔޮՌͷ༧ଌ஋ ˆ vit Λඪ४Խͨ͠஋ ˆ v∗
it ͷܦ೥తมԽΛɼNos.1, 3, 4, 13,
14, 33 ͷ̒ͭͷӺʹ͍ͭͯඳ͍ͨ΋ͷͰ͋Δɻ஍ՁެࣔՁ͔֨ΒڞมྔͷӨڹΛऔΓআ͍ͨ΋ͷ
Λॖখͨ͠஋͕ ˆ vit Ͱ͋Γɼˆ v∗
it ͸ͦͷ૬ରతͳ஋Λ͍ࣔͯ͠Δ͜ͱʹͳΔɻ͜ͷ̑೥ؒͰશମత
ʹ͸Ձ͕֨௿Լ͍ͯ͠Δঢ়گͷதʹ͋ͬͯɼ඼઒Ӻʹ͍ۙӺ (No.1, 3, 4) ͷ஍ҬޮՌ͕૬ରతʹ







k ݸͷ஍Ҭ͕͋Γɼi ൪໨ͷ஍Ҭ͔Β ni ݸͷσʔλʢ΋͘͠͸ूܭσʔλʣyi1,...,y ini ͕औΒ
Ε͓ͯΓɼvi Λॴ༩ͱͨ͠ͱ͖ͷ yij ͷ৚݅෇෼෍͕
f(yij|vi) = exp{[yijθij − b(θij)]/τij + c(yij,τ ij)},
j =1 ,...,n i; i =1 ,...,k, Ͱ༩͑ΒΕΔͱ͢Δɻ͜Ε͸ҰൠԽઢܗϞσϧͱݺ͹ΕΔɻ͜ͷີ౓
ؔ਺͸ࣗવ฼਺ θij ͱई౓฼਺ τij(> 0) Λ༻͍ͯදݱ͞Ε͓ͯΓɼτij ͸ط஌ͱԾఆ͞ΕΔɻyij





























͜ΕΛ GLMM ͱ͍͏ɻGLMM ͷৄ͍͠ղઆʹ͍ͭͯ͸ɼMcCullagh and Nelder (1989, 14.5અ)ɼ
Fahrmeir and Tutz (2001), McCulloch (2003) Ͱ༩͑ΒΕ͍ͯΔɻ·ͨɼMcCulloch and Searle
(2000) ͸Θ͔Γ΍͘͢ॻ͔ΕͨຊͰ͋Γɼ࣬ප஍ਤͳͲۭؒϞσϧΛѻͬͨຊͱͯ͠͸ɼLawson,
Browne and Vidal Rodeiro (2003), Lawson (2006) ͳͲ͕͋ΔͷͰࢀরͯ͠΋Β͍͍ͨɻ
ڞ௨฼਺ͱมྔޮՌΛ૊ΈೖΕͨ GLMM ͸ɼ஍Ҭͷಛੑ஋ʹରͯ͠ਫ਼౓ͷߴ͍҆ఆͨ͠ਪఆ஋
Λ༩͑Δ͜ͱ͕Ͱ͖Δɻͦͷ୅දతͳྫ͕࣬ප஍ਤͷ࡞੒ʹ༻͍ΒΕΔࢮ๢཰ٴͼࢮ๢ࢦඪͷਪఆ
Ͱ͋Δɻࢮ๢཰ͷ୅දతͳࢦඪͱͯ͠༻͍ΒΕΔͷ͕ඪ४Խࢮ๢཰ (Standardized Mortality Rate,






ࢬ෼͔ΕޡࠩճؼϞσϧ (2.2) Λ yij = µij + eij, µij = x 
ijβ + vi ͱ෼ղ͢Δͱɼ৚݅෇෼෍͸
yij|(µij,σ2
e) ∼N(µij,σ2












































v Λ૝ఆ͠ɼβ ʹରͯ͠͸ɼ(1) Ұ




vA), λ ∼ π3(λ), ͳͲͷઃఆ͕ߟ͑
ΒΕΔɻ͜͜Ͱ β0, A ͸ط஌ͷ஋ͱ͢Δɻ͜ͷΑ͏ͳ֊૚ϕΠζਪఆྔͷཧ࿦తͳੑ࣭ʹ͍ͭͯ
͸ Kubokawa and Strawderman (2007) ͱͦͷதͷࢀߟจݙΛࢀরͯ͠΄͍͠ɻ·ͨ֊૚ϕΠζ






༗໊ͳελΠϯ໰୊ͱؔ܎͍ͯ͠Δ఺Λࢦఠ͓ͯ͜͠͏ɻC. Stein ͕ 1956 ೥ʹൃݟͨ͠ཧ࿦͸ɼ
ʮ3 ࣍ݩҎ্ͷਖ਼ن෼෍ͷฏۉΛಉ࣌ʹਪఆ͢Δ໰୊ʹ͓͍ͯඪຊฏۉΑΓ΋ฏۉ̎৐ޡࠩ (MSE)
ΛҰ༷ʹখ͘͢͞Δॖখਪఆྔ͕ଘࡏ͢Δʯͱ͍͏͜ͱͰ͋ͬͨɻͦ͜Ͱొ৔ͨ͠ॖখਪఆྔΛ
n1 = ···= nk = n ͷ஍ҬϞσϧ (3.1) ʹ౰ͯ͸ΊͯΈΔͱɼฏۉ µi = x 
iβ + vi ͔ΒͳΔϕΫτ
ϧ µ =( µ1,...,µ k)  ͷॖখਪఆྔ͸
  µ
S = X  β + max
 
1 −
(k − p − 2)σ2
e
n y − X  β 2 , 0
 
(y − X  β)
ͱ͍͏ܗͰද͞ΕΔɻ͜͜Ͱ   β =( X
 X)−1Xy ͸ β ͷ OLS Ͱ͋ΔɻStein ͷཧ࿦ʹΑΔͱɼ
k −p ≥ 3 ͳΒ͹   µ
S ͷ MSE ͸ y ͷ MSE ΑΓҰ༷ʹখ͍͜͞ͱʹͳΔɻStein ໰୊ʹ͍ͭͯ͸
ࣰ࡚ (1991)ɼԼฏɼҏ౻ɼٱอ઒ɼ஛಺ (2004) ʹৄ͘͠આ໌͞Ε͍ͯΔ͕ɼ͜ͷ໰୊͸ཧ࿦Ոͷ
ڵຯͷର৅ͱͳΓ 20 ੈلͷ਺ཧ౷ܭֶͷҰ෼໺ʹൃలͨ͠ɻҰํɼn1 = ···= nk = n ͷ஍ҬϞ
σϧ (3.1) ʹରͯ͠ µ ͷ EBLUP ͸ɼθ Λ REML Ͱਪఆ͢Δͱ (3.3) ΑΓɼॖখਪఆྔ   µ
S ʹ
͓͍ͯ (k − p − 2) Λ (k − p) ʹஔ͖׵͑ͨ΋ͷʹҰக͢ΔɻHenderson ͷ BLUP ʹ͍ͭͯͷ࿦
จ͕ग़͞Εͨͷ͕ 1950 ೥Ͱ͋Γɼͦͷ਺೥ޙʹશ͘ҧ͏෼໺Ͱ Stein ͕ EBLUP ͱಉ౳ͳख๏
ΛߟҊ͍ͯͨ͜͠ͱʹͳΔɻ͔͠΋ɼHenderson ͸Ոசҭछͱ͍͏Ԡ༻෼໺ɼStein ͸౷ܭతܾఆ
ཧ࿦ͱ͍͏ཧ࿦෼໺Ͱ͋ΓɼԠ༻ɾཧ࿦ͷ૒ํ޲͔Βݚڀ͞Ε͖ͯͨτϐοΫͰ͋Δͱ͍͑Α͏ɻ
࣍ʹɼ2.4 અͰѻͬͨΑ͏ʹɼLMM ͷ෼ࢄ੒෼ʹؔ͢Δਪఆ͸ LMM ͷओཁͳݚڀςʔϚͷ
ҰͭͰ͋Δ͕ɼ͜ͷ໰୊͕෼ࢄͷෆ౳੍ࣜ໿ʹؔ܎͍ͯ͠Δ఺Λࢦఠ͓ͯ͜͠͏ɻྫ͑͹, n1 =



















Kubokawa (1999), Kubokawa and Tsai (2006) ͳͲͰٞ࿦͞Ε͍ͯΔɻ
ຊߘͰऔΓ্͖͛ͯͨ಺༰͔ΒΘ͔ΔΑ͏ʹɼචऀ͕ઢܗࠞ߹Ϟσϧͷັྗʹऒ͔Εͨͷ͸খ஍
Ҭਪఆͱ͍͏໰୊Λ௨ͯ͠Ͱ͋ͬͨɻΧφμͷΦλϫʹ͋Δ Carleton େֶ΁଺ࡏ͍ͯͨ͠ 1989
೥ɼ91 ೥౰࣌ɼͦ͜ͷ਺ֶɾ౷ܭֶՊͷڭत John N.K. Rao ͷݚڀςʔϚ͕ LMM Λར༻ͨ͠
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